A Value Trick for Modal Type Systems

ANTON LORENZEN, University of Edinburgh, United Kingdom
WENHAQO TANG, University of Edinburgh, United Kingdom
SAM LINDLEY, University of Edinburgh, United Kingdom

Modal type systems are a powerful tool for tracking properties in programming languages. They have long
been used to track properties of computations, such as mobility, co-effects or erasability. In recent years, several
authors have used them to track properties of values, such as stack location, linearity, purity or acyclicity.
However, to support the latter applications, one needs to restrict modal type systems appropriately. In this
abstract, we discuss the value trick as a unifying principle connecting several approaches from the literature.
This is a work-in-progress, based on earlier work of the authors [18, 28].

Modal type systems. Modal logics have become widely used in the field of programming lan-
guages. Under the propositions-as-types correspondence, the type (JA denotes terms of type A
that additionally satisfy some property. Usually, one assumes the axioms of IS4: that the property
can be forgotten and duplicated. Most modal type systems are presented either in dual-context
style [25] or, more recently, in Fitch-style [8]. In this work, we use the latter; stripping away the
usual type formers (lambdas, products, sums), the relevant rules are:

a¢r’ r@&re:A Tre:OA
Ox:AT'Fx:A I'+boxe: A IL,T' - unbox e: A

Call-by-Name Interpretation. Terms are endowed with a reduction relation, which evaluates a
term to a value. For modal type systems, it is common to use call-by-name interpretation. For
elimination rules like unbox e, the inner term e is evaluated until a suitable value box e is reached.
In contrast, the term in the box is not evaluated directly and is returned by the elimination rule:

unbox (box e) w» e E =[] | unbox E

Such semantics have been used to track properties of computations such as mobility [19], co-
effects [24], erasability [1, 4], usage in call-by-name [1, 6, 20], and staged computation [10]. However,
as was already remarked by Murphy et al. [19], the key property to make this sound is that "we do
not attempt to evaluate under the box".

Call-by-Value Interpretation. In recent years, it has become fashionable to use modal type systems
also for languages with call-by-value semantics. In this setting, a natural design choice is to allow
evaluation under the box:

unbox (box v) »» v E :=[-] | box E | unbox E

When evaluation under the box is allowed, the modality no longer tracks properties of the
computation, but rather of the returned value v. Call-by-value semantics has been used for modal
type systems to track properties such as temporality [2], stack allocation [11, 18], affinity [18],
purity [7], acyclicity [15], and effects [27, 28].

However, the above modal type system is not sound for these applications. As IS4 is a normal
modal logic, the calculus admits the K axiom (0(A — B) — (OA — [OB)). However, this axiom
does not hold if the calculus contains primitives that can generate certain new values out of thin
air. For example, if JA denotes non-linear values of a linear type A, then O1 and O(1 — File) are
inhabited by unit and openFile, but (File should not be inhabited, as files should be kept linear.
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The Continuation Trick. Wadler [30] solves this problem by using a continuation-passing style
(CPS) interface for primitives that generate new values, like openFile : (File — File X X) — X. The
CPS interface ensures that no function returns a linear value out of thin air. This trick has since
been used by several authors [3, 7].

The Value Trick. In this work, we propose a simpler solution, that does not require a CPS interface.

Instead, we restrict the box and unbox rules for the modality to values:

¢l r&arv:A Tro:0OA
Ix: AT Fx: A T'rboxov:0OA I,T' + unbox v : A

Furthermore, both box v and unbox v are part of the syntax of values, which makes it possible to
unbox a variable under a box. While unbox (box v) is a redex, the reduction has no side-effects or
cost at runtime, which makes it possible to perform it at any time, similar to "complex values" [16].

Let-style Unbox in Fine-grained CBV. We can generalise the value trick to multimodal type theory
(MTT) [13] in fine-grain call-by-value style [17]. Variants of this calculus were used by Ahman [2],
Tang et al. [28] and Tang and Lindley [27]. MTT is parameterised by a 2-category of modes and
modalities. For simplicity, we restrict ourselves to one mode. In this setting, variables in the context,
locks, and boxes are annotated by a monoid of modalities p, v which can be composed using o. We
write locks(I'”) for the composition of the modalities of the locks in I'". The relevant rules are:

u = locks(T") r&,ro:A r.&,ro:0,A [,X:ouAre:B
Ix:y AT Fx:A I+ box, v: O,A ' Flet,box, x =vine: B

The main change from MTT is that the box and unbox rules are restricted to values v. The
intuition here is that whenever a precondition introduces a lock to the context, the term in it has to
be a value (or a computation that is suspended by the semantics).

Graded Call-by-Push-Value. Torczon et al. [29] propose an elegant formulation of graded [1, 6]
type theory in call-by-push-value [16] where the grades attach to values. Graded type theory is
parameterised by a semiring of grades g, which can be composed using + and -. We write g - T for
the context that arises by multiplying all grades in T’ by ¢ and I3 + I; for the context that arises by
adding the grades of each variable in I} and I;. We can express this using the rules:

'ro:A I Fo:0O%A L,x T2 Arc:
0-T,x'A0-I"Fx:A q-Fl—boxqv:DqA q1-T1 + I3 F lety, boxg, x =vinc:

B
B

Comparing this box rule to MTT, we can see that graded type theory multiplies the context
in the conclusion, while MTT puts a lock into the context in the premise. Again, we have the
intuition that whenever the context arising from a precondition is multiplied by a grade, then the
term in the precondition has to be a value. However, Torczon et al. [29] actually do not follow this
completely as they do not restrict the elimination rule to values (COEFF-LETIN). We believe that the
issue that they identify in Section 3.2 of their paper arises from this choice and could be remedied
by restricting the elimination rule to values as well.

Mode Qualifiers. In most modal type systems, the modality commutes with products and sums.
This makes the syntax of value-restricted modal type systems redundant, as the modality can be
pushed down into the type: for example, it should not matter whether we write ((A, B) or (JA, OB).
This motivates the calculus of mode qualifiers [18] (related to the earlier work of [11, 12, 21, 22]),
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where we push the modality as far down as possible, until we reach either a variable or a lambda
abstraction (through which we can not push the modality).

1 < i r@,x:A@mre:B@ T'to:A@voyp
Ix:A@utrx:A@ F'tAx.e:(A@u > B@ ) @u T'tbox,v:0A@pu

Adjoint Natural Deduction. Jang et al. [14] define a deduction system for tracking properties of
values. They make the observation that their system models the usual IS4 modality as Ojs4A =
O(1 — A). This suggests that in order to track properties of computations, we can track properties
of closure values instead.

Correspondence. In the Appendix, we sketch a correspondence between the five approaches
above when restricted to a single property. This shows that they are all equally useful for tracking
simple properties of values and that the one should pick a type system based on the other features
it supports (like multi-modalities, substructural tracking, or type inference).

Which modal logic is this? In the appendix, we derive terms for T : A — A, 4: DA —-> O OA,
X:O0l@—->B)xO(B—C) - 0O(A — C),and N : O1. Our calculus does not admit the rule of
monotonicity (- A — B implies + A — [OB), the K Axiom (0(A — B) — (OA — OB)), or the
rule of congruence (- A & B implies  [JA < [B). While the rule of necessitation (+ A implies
+ OA) is admissible in the base calculus, in practice one often adds primitives that refute this rule.
At the workshop, we hope to explore possible connections to hyperintensional logics [5, 9, 23, 26].
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Claude Opus was utilised for significant parts of this appendix, including text, typing rules,
semantics and proofs. All output was carefully checked and corrected by the authors.

A Calculi
A.1 Fitch-style IS4
Syntax.

AB:=A—B|OA|AxB|A+B|1
vu=x|Ax.e | box v | unbox v | (v1,02) | () | inl v | inr v
ex=0vl|ere |letx =ejine, | dist e | let(x,y) = ejine; | dist" e | case e {x.e;; y.ex}
Fa=-|T,x:A|T,&

Typing rules.

a¢r I'x:Are:B l'te;:A— B IF'hre: A
— VAR — 1AM APP
Ix:AT'rx:A I'Ax.e:A— B IF'tee:B
r&arv:A I'ro:0OA
— Ol r OE ———— UNIT
IF'rboxov:0A I,I" + unbox v : A r-(0:1
T're :A I'x:Atvre:B I'+e:0(AXB)
LET DISTX
I'tletx =e ine; : B I'rdist*e: O0AX OB
F'ro: A I'ro,:B Trte :AXB I'x:Ay:Bre:C
PAIR SPLIT
It (v,03) :AXB I+ let(x,y) =erine; : C
Tto:A T'to:B IF+te:O(A+B)
—_— NI ——  INR pIsT
IF'tinlo: A+B F'rinrov: A+B I'rdist'e: OA+ OB

I'te:A+B I''x:Are :C ILy:Bre:C

T+ case e{x.e;; y.eo} : C

CASE

Call-by-value semantics. e~wse
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(Ax.e) v e[v/x]
letx =vinew e[v/x]
unbox (box v) v
let(x,y) = (v1,02) inew e[v1/x,02/y]
dist* (box (v1, v2)) »(box vy, box vs)
dist* (box (inl )) s inl (box v)
dist™ (box (inr v)) w inr (box v)
case (inl v) {x.e1; y.e2} > e1[v/x]
case (inr v) {x.e1; y.ex} » ex[0v/y]

Evaluation contexts.

E:=[]|Eey | v E|dist“E | dist" E ewe o
| letx = Eine | let(x,y) = Eine | case E {x.e;; y.e2} Ele] ~E[e’]

Parameterisation. None
Derivations. We derive terms for the following types:
T = Ax. unbox x : A — A
4 = Ax. box (box (unbox x)) : DA —> O OA
N =box () : O1
X = Ap. let(f, g) = pinbox (Ax. (unbox g) ((unbox f) x))
:O0A—->B)XOB—-C)—-0OA—->0)
M* = Ap. let(x, y) = pinbox (unbox x, unbox y) : DA x OB — O(A X B)
M™* = As. case s {x.box (inl (unbox x)); y.box (inr (unbox y))} : OA + OB — O(A + B)

The rule of necessitation (- A implies  [JA) is admissible: if e : A, then e evaluates to a closed
value v with + o : A by type safety, and since v has no free variables, @ + v : A, so + box v : OA.

A.2 Let-style Unbox in Fine-grained CBV
Syntax.
AB:=A*—B|O,A|AxB|A+B|1
vu=x|Ax.e | box, v | (v1,02) | () |inl 0 | inr o
ex=v|ev|letx =e ine, | let,box, x =vine
| let,(x,y) =vine | case, v {x.e;; y.ex}
Fuo=-|Ix:, AT &,
We define locks(T") as the composition of all locks in I':
locks(-) = id
locks (T, x :;, A) = locks(T')
locks(T, @) = p o locks(T)
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Typing rules.

u = locks(T") Ix: Are:B F're:A#— B F,ﬂﬂl—v:A
VAR LAM APP
Ix:y AT Fx:A I'rAx.e:A¥— B I'tev:B
F,EHI-U:A F,BVI—U:DFA [x:iopyAte:B
— Ol OE
I'+box, v:0O,A '+ let, box, x =vine: B
I'te :A I'x:qAtre:B I'to A I'toy:B
LET ——— UNIT PAIR
I'kletx =ejine, : B r+(:1 It (v,02) :AXB
r&,rv:AxB Ix:y Ay Bre:C T+o:A
SPLIT —_— NI
I'rlet,(x,y) =vine: C F'+tinlo:A+B
I'to:B F,EFI—U:A+B Ix:yAre :C Iy:yBre:C
————  INR CASE
F'+tinro:A+B T+ case, v{x.e;; y.e2} : C
e~ e’

Call-by-value semantics.

(Ax.e)vmre[o/x]
letx =vine~ e[v/x]
let, box, x = box, vine~w e[v/x]
let, (x,y) = (v1,02) ine~w e[v1/x,02/y]
case, (inl v) {x.e1; y.ex} > ei[v/x]

case, (inr v) {x.e;; y.ex} w ez[v/y]

Evaluation contexts.

Eux=[]|Ev|letx=Eine ewe’
————crx

Ele] w E[e’]

Parameterisation. Multi-modal type theory is usually parameterised by a two-category of modes,
modalities and 2-cells. In the calculus above, we assume that we have a single mode and for each
two modalities p; and p,, there is at most one 2-cell gy = p, between them. In that case, we can
describe a mode theory as a monoid of modalities (with identity id and composition o) together
with a preorder on modalities (with p = v iff g < v).

To obtain the instance of the Fitch-style IS4 calculus, we take the two-element monoid {id, m}

withmom=mand m < id.
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Derivations. We derive terms for the following types:

T = Ax. letjgboxgy = xiny : OeAd— A
4 = )Ax. letjg boxg y = x inboxy (boxg ¥) : OeAY > Og O A
N =box, () : O,1
X = Ap. letig(x,y) = pinletig box, f = xinletjg box, g = yin
box, (Aa. letb = faingb)
: Dﬂ(Aid—> B) x Dy(Bid—> c)ld- Dﬂ(Aid—> C)
M* = 2p. letig(x,y) = pinletigbox, a = xin
letig box, b = yinbox, (a, b)
: 0,A X O0,B— 0,(A X B)
M* = As. casejq s {x.letig box, a = x inbox, (inl a);
y.letigbox, b = yinbox, (inr b)}
: 0,A+0,B"Y— 0,(A+B)

A.3 Graded Call-by-Push-Value
Syntax.

A==UB|0O9A|AXB|A+B|1

B:=FIA| 9A—> B
0 :=x | thunkc | boxg v | (v1,02) | () | inl o | inr »
c == forcev | Ax.c | co | returng v

| letx < c;incy | lety, boxg, x =vinc

| lety(x,y) =vinc | caseq v {x.c1; y.c2}
Value typing rules.

’

qg<q ILx9AT Fv:B

: VAR y SUB
0-I,x:"A0-T'Fx:A Ix:9 AT +o0:B
T'tc:B INro A Ibro,:B
————————— — THUNK ——————— UNIT PAIR
I + thunkc: UB F'r():1 I+ F (01,09) : AXB
T'ro:A I'ro:B I'ro:A
——— INL ————————— INR )
Trinlo:A+B T+inro: A+B q-T rboxg v:0OA

Computation typing rules.
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F'+o:UB ILx9Arc:B Ii+tc:9A—>B Lro:A
——— —  FORCE LAM APP
I+ forcev : B T'rAx.c: 9A— B I+q-Lrcou:B

T'ro:A I ke FIA I,x9Avrcy,: B
RETURN — BIND
q-T rreturng v : F4 I+ kletx «—cjincy : B
I Fo:0O%A Lyx: T2 Arc:B I Fo:A XA, L,x 1A,y 9TAyrc:B
OE SPLIT
q1 - T1 + I F letg, boxg, x =vinc: B q-Ti+Ty +lety(x,y) =vinc: B
ITro:A+B Tg,x:qu—clzC rz,quBl-Czlc
= — CASE
q-T1+T5 + caseq v {x.c1; y.co}: C
cw ¢’

Semantics.

force (thunk ¢) ~» ¢
(Ax.c)vmsclo/x]
[v/x]
lety, boxg, x = boxg, vinc~ clo/x]
lety (x,y) = (v1,02) inc~ clo1/x,02/y]

let x « returng vinc~wc

caseq (inl v) {x.c1; y.co} s cq[o/x]

caseg (inr v) {x.cy; y.co} w co[v/y]

Evaluation contexts.
cw ¢’

E:=[]|Ev]|letx < Einc
————— CTX
E[c] » E[c’]

Parameterisation. Graded modal type theory is usually parameterised by a pre-ordered semiring
(5,0,1,+, -, <) of grades. Aside from the usual semiring axioms, we require that + and - are monotone

with respect to <.
To obtain the instance of the Fitch-style IS4 calculus, we take the three-element semiring {0, 1, m}

with0 <1 < m, + as maximum, and m - ® = m.
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Derivations. We derive terms for the following types:

T = Ax. let; boxg y = x inreturn; y: '(O"A) — F'A
4 = Ax. let; boxg y = x inreturn; (boxg (boxa y)) : H(O"A) — F}(O" O" A)
N =box, () : 01
X = Ap. let;(x,y) = pinlet; box, f = xinlet; boxg g = yin
return; (box, (thunk (Aa. letb « force f ainforce g b)))
: (U (A — F'B) x 09U (!B — F!0))
— FY(OIU('A — F'0))
M* = Ap. let; (x,y) = pinlet; boxga = xin
let; box, b = yinreturn; (boxg (a, b))
: 1(09A x 09B) — FY(O9(A x B))
M" = 2s. case; s {x.let; boxg a = x inreturn; (boxg (inl a));
y.let; boxy b = yinreturn; (box, (inr b))}
: Y94+ 09B) — FY(O9(A + B))

A.4 Adjoint Natural Deduction
Syntax.

A, B = Ap — By | T Ax - (m 2 k)
| Am ®Bm | 1 | A ® B | Uy An (n>m)
ex=s|Ax.e|suspe
| (e1,e2) | () |inl e | inr e | down e
| match s ((x1,x2) = e)
| match s (() = e)
| match s (inl x = e; | inr y = ey)
| match s (down x = e)
su=x]|(e:Am) |se|forces
A=Ay | Ax:An | A;A

Typing rules. AkecAm‘ ‘AI—S::»Am
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Ars= A, Are=A, mz2>n
—_— = /= == HYP
Ars <A, Ar(e:An) = Ap Aw;x:Ap+rx = A,

Ax:Ap,Fe<eB, A+s= A, — B, NireeA,
—o] —E

A+ Ax.e &= A,, — B, A;N +Fse= B,

1 1E
A Fsusp e = 1" Ax Aw ; A" + force s = A

A+ e = A AN >m ANrs =17 Ax

Ars=—= A, ®B, A>mz=>r

Avre &= A, A+ e, & B, N,x;: Ay x2:Bp ke &C,
®I ®E
A; AN v (er,e) < A, ® By, A; A+ match s ((x1,x) = e') <= C,
Ars=1, A>m>r Nre C,
—_— 11 1E
Aw + () & 1 A; A +matchs (() = e') =C,
Are = A, At e B,
A el - )0
Atrinl e < A,, ® By, Atrinr e = A,, ® B,
Ars= A, B, A>m>r
N,x: A, +e C, AN,y :Byt+e &C, AN >n NireeA, |
@®E I
A; A Fmatchs (inl x = ¢ |inr y = ey) & C; Aw ;A Fdowne = |} A,
Ars= " A, A>m>r
N x:A,re C, |
E
A; A’ + match s (down x = ¢’) &< C,
Call-by-value semantics. e~wse’

vu=Ax.e|suspe| (v1,02) | () |inl o | inr v | down v

((Ax.e) : Ay — By,) v »efo/x]
force ((susp e) : T} Ax) ~e
match ((v1,02) : A ® Bi) ((x1,x2) = €) we’[01/x1,02/x2]
match ((()) : 1,,) () = €’) we’
match ((inl v) : A, ® By,) (inl x = ¢ | inr y = e3) weq[v/x]
match ((inr 0) : A, ® By,) (inl x = e | inr y = e;) wez[v/y]

match ((down o) : [ A,) (down x = e’) v e’[v/x]
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Evaluation contexts.

E:==[]|(E:An) |Ee|vE | force E ewe’ o
| (E,e) | (v,E) | inl E | inr E | down E Ele] ~E[e’]
| match E ((x1,x2) = e)
| match E (() = e)
| match E (inl x = e; | inr y = e3)

| match E (down x = e)

Parameterisation. Adjoint natural deduction is parameterised by a set of preordered modes (M, <).
The calculus maintains the invariant that if A + e : A, then A > m. Each mode m may or may not
allow for contraction and weakening, but if m < n and m allows for either, then so must n. We
write Aw to indicate that the modes of all variables in the context allow for weakening and A ; A’
to indicate that the modes of the variables in both contexts allow for contraction.

To obtain the instance of the Fitch-style 1S4 calculus, we take the set of modes {1,m} with1 < m
and both allowing for contraction and weakening.

Derivations. We derive terms for the following types:

T = Ax. match x (downy = y) : |} Ax — 4;
4 = Ax. match x (down y = down (down v)) : [} Aag — [T (|3 A=)
N =down () : [T 1a
X = Ap.match p ((f,g9) =
match f (down f’ = match g (down ¢’ =
down (susp (Aa. (force g) ((force f') a))))))
T (7 (A1 = B)) @ [T (T (B1 — C1)) — [T (7 (A1 = 1))
M® = Ap.match p ((x,y) =
match x (down a = match y (down b =
down (a, b))))
1" A ® " Ba o | (Aa ® Ba)
M® = As. match s (inl x = match x (down a = down (inl a))
| inr y = match y (down b = down (inr b)))
1} Aa @ | Ba — | (A @ Ba)

A.5 Mode Qualifiers
Syntax.

AB:=A@mu >B@uw | O0"A|AXB|A+B|1
ex=x|Ax.e| e e | box, e | unbox, e | (e,ez) | () |inl e | inr e
|letx = ejine, | let,(x,y) = eine | case, e {x.e1; y.es}

F::='|F,x:A@p,ﬂp
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We define locks(T") as the composition of all locks in T*:

locks(-) = id
locks (T, x :;, A) = locks(T')
locks(T, @) =y o locks(I')

Typing rules. I're:A@upu

u1 < locks(T”) o py r@,x:A@mre:B@
- VAR LAM
Ix:A@u,T'Fx:A@ 2 F'tlx.e:(A@u > B@ ) @u
F'tei:(A@m —B@ ) @ _
F're:A@m F're:A@voyp
APP Ol
T'tejes: B@ o T'rbox, e:0"A@p
Tre:O0'A@pu Tre:A@ ILx:A@ute:B@u
OE LET
I'+unbox, e:A@vopu I'+letx=eine; : B@ p2
T'reg:A@p F're;:B@y
————— UNIT PAIR
rr():1@u Tk (e,e) : AXB@u
rl—eliAXB@/ll
I'x:A@u,y:B@u e :C@ F're:A@yu
SPLIT INL
I'rlet, (x,y) =eriney : C@ 2 F'+tinle:A+B@pu
I'te:A+B@mu
F,x:A@,ulkel:C@pz
l're:B@yu IlLy:B@utre:C@u
INR CASE
Frinre:A+B@pu I+ case,, e{x.e;; y.es}:C@ o
Call-by-value semantics. e~wse’

vu=x | Ax.e | boxy, v | (vg,02) | () |inl v | inr v

(Ax.e) v ms e[v/x]
letx =vine~ e[v/x]
unbox, (box, v) »w v
let, (x, ) = (01, 02) in €~ e[01/x, /3]
case, (inl v) {x.e1; y.ex} ~> ei[v/x]

case, (inr v) {x.e1; y.e;} w ex[0/y]
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Evaluation contexts.

E:=1[]|box, E|(E,e) | (v,E) | inl E | inr E e~
| Eey | v1 E | unbox, E Ele] ~ E[e]
| letx = Eine | let,(x,y) = Eine

CTX

| case, E{x.e1; y.ex}

Parameterisation. Mode qualifier systems are usually parameterised by a set of axes A. Each axis
((A, <) € A) is atotal order and contains a distinguished element 1,4. The distinguished element 14
is either the minimum element of A (in which we call this axis monadic) or the maximum element
of A (in which case we call this axis comonadic). Composition is given by maximum on monadic
axes and by minimum on comonadic axes. A mode p is a product of axes which is partially ordered
by the pointwise extension of the orders on the axes.

To obtain the instance of the Fitch-style IS4 calculus, we take a single comonadic axis {1, m} and
m < 1. For this parameterisation, it is also possible to define the lock as a left-division operator:

@, =
x:y AG, =T.8,x:, A (if 1 < po)
Ix: AG,=T4a, (otherwise)

Derivations. We derive terms for the following types:

T = Ax. unboxg x : (O"A) @1 > A@1) @1
4 = Ax. boxg (boxa (unboxg x)) : (O"A) @1 — (O"O"A) @1) @1
N=box,():O0'1 @1
X = Ap. let;(f,g) = pinlet f* = unbox, finletg’ = unbox, gin
box, (Aa.g’ (f' a))
(0'A@1—->Bel)x(0'B@l—Ce@l)@!
- (0'A@e1—-Cel)el el
M* = Ap. let;(x,y) = pinbox, (unbox, x, unbox, y)
:((0"Ax0O'B)el1—-0"AxB)@l) @1
M* = }s. case; s {x.box, (inl (unbox, x));
y.box, (inr (unbox, y))}
((0"A+0'B)e1—->0"A+B @l el

B Correspondences

We define translations between the types and terms of the calculi.
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B.1 Converting Fitch-style IS4 to Let-style Unbox in Fine-grained CBV

Interpretation of types:

[1] =1
[A+ B] = [A] + [B]
[4x B] = [A] x [B]

[A — B] = [A] Y- [B]

[DA] = Ca[A]

Contexts:

[H] =.

[T.x : OA] = [T], x - [A]

IT.x : A] = [I]. x 4 [A]
I

[r,&] =[r],8a
Translation of values:

[x] = boxx

[0]=0
[Ax.e] = Ax". let, x = x" in[e]
[box v] = boxa [0]
[unbox x] = x
[unbox (box v)] = [¢]
[(01,02)] = ([on], [o2])
[inl o] = inl [o]

[inr o] = inr o]
Translation of expressions:

[e1 2] = letx = [e;] inlety = [e;] inxy
[letx = ey ine,] = letx” = [e;] inlet, x = x” in[e,]
[let(x,y) = erine;] =letz = [e;] inletig(x’,y") = zinlet, x = x"inlet, y = y" in[e,]
[case e {x.e1; y.eo}] =letz = [e] incaseiq z {x".let, x = x"infe;]; y'.let, y = y" in[e,]}
[dist* e]] = let z = [e] inletijg boxe w = zin
letw(x,y) = win(boxg x, boxm y)
[dist" ] = let z = [e] inlet;q boxg W = zin

caseg W {x.inl (boxa x); y.inr (boxm y)}

CoNJECTURE B.1 (TRANSLATION TO FGCBV). If T+ e : A, then [I] + [e] : [A] and if e »»* v, then

[e] ~"[o].
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B.2 Converting Let-style Unbox in Fine-grained CBV to Graded Call-by-Push-Value
Interpretation of types:

1] =1
[A+B] = [A] +[B]
[Ax B] = [A] x [B]
[O,A] = OF[A]
[A*— B] =U(*[A] — F'[B])

Contexts:

[n=-
[F.x 0 AL = [T x # [4]
[T.x 1 Aw = [Tw.x < [A]
[T, x w Al = [T x :* [A]
[T.&,]v = [T]pov

Translation of values:

[x] = x
[0]=0
[Ax. e] = thunk (Ax. [e])
[box, v] = box, [¢]
[(v1,02)] = ([e], [02])
[inl o] = inl o]
[inr o] = inr o]

Translation of expressions:

[0] = return; o]
[eo] = let f « [e] in(force f) [o]
[letx = ey iney]] = letx « [e;] infe]
[let, box, x = vine] = let, box, x = [v] in[e]
[let,(x,y) = vine] = let,(x,y) = [o] in[e]
[case, v {x.e1; y.eo}] = case, [o] {x.[e1]; y.[e2]}

CONJECTURE B.2 (TRANSLATION TO GRADED CBPV). If T + v : A (value judgment), then [T']; v
[o] : [A]. If T + e : A (expression judgment), then [T'];  [e] : F'[A]. If e »>* v, then [e] »*[v].
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B.3 Converting Graded Call-by-Push-Value to Adjoint Natural Deduction

Interpretation of value types:

[1m = 1m
[A+B]m = [Alm © [Blm
[A X Bl = [A]m ® [B]m
[D9A]m =13" [Algm
[UB]m =17 [B]

Interpretation of computation types:

[F7A] =l [Alq
[74 — B] = [Al; — [B]

Contexts:

[H] =.
[T,x A = [I]
[T,x 9 A] = [T, x : [A],

Translation of values:

[x] = x
[0]=0
[thunk c] = susp [c]
[boxg v] = down [o]
[(01,02)] = ([on], [o2])
[inl o] = inl o]

[inr o] = inr o]
Translation of computations:

[force v]] = force [v]
[Ax.c] = Ax. [¢]
[eo] =[] o]
[return, o] = down [o]
[letx « c;incy] = match [e;]] (down x = [c2])
[letg, boxg, x = vinc] = match o] (down x = [c])
[lety(x,y) = vinc] = match [o] ((x,y) = [c])
[caseq v {x.c1; y.co}] = match [o] (inl x = [c;] | inr y = [e2])

CoNJECTURE B.3 (TRANSLATION TO AND). If T + v : A, then [I'] + o] < [A]. If T + ¢ : B, then
[T] + [c] < [B]. If ¢ »* v, then [c] »*[v].
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B.4 Converting Adjoint Natural Deduction to Mode Qualifiers
Interpretation of types:

[1n]=1
[Am @ Bi] = [Am] + [Bum]
[[Am ® Bmﬂ = [[Am]] X [Bm]]
[Am — Bn] = [An] @ [m] = [Bn] @ [m]
[L% Aa] = 0% [Aa]
[ A = [A]
[T A =T @1 — [A] @[K]
Contexts:
[H] =.
[T, x: Ap] = [T, x : [A] @ [m]

Translation of values:

[0 =
[x] =
[inl e] = inl [[e]]
[inr e] = inr [e]
[(e1, e2)] = ([ed], [e2])
[Ax. €] = Ax. [e]
[downg €] = boxg [€]
[down; e] = [[ |
[susp €] = Ax. [¢]

Translation of expressions:

[match s (inl x = e; | inr y = e;)] = case [s] {x.[e:]; y.[e2]}
[match s ((x, y) = e)] = let(x, y) = [s] in[e]
[match s (downg x = e)] = letx = unboxg [s] in[e]
[match s (down; x = e)] = letx = [s] in[e]
[match s (() = e)] =letx = [s] in[e]
[force s] = [s] ()
[s ef = [s] [el
CONJECTURE B.4 (TRANSLATION FROM AND). If A+ e &= A, then [A] + [e] : [A] @ [m] and if
e ~w* v, then [[e] ~*[v].
B.5 Converting Mode Qualifiers to Fitch-style 1S4

To keep our interpretation as generic as possible, we write [J!A for A and O™A for OA. Similarly,
for terms, we write box; e for e and unbox; e for e.
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Interpretation of types:
[ =1
[A+B] = [A] +[B]
[Ax B] = [A] x [B]
[A@m — Be i) = 0" [A] - O*[B]
[O"A] = O*[A]
Contexts:
[H] =.
[T,x:A@p] =[T],x: O"[A]

[I.&a] =[r].&
[r.&:]=[r]
Translation of expressions:
[x] = x
[0I=0

[box, e] = [e]
[Ax. e] = box(Ax’. [e] [ (unbox x”)/x])

[(e1,e2)] =letx = [e;] inlety = [e;] in box(unbox x, unbox y)

]
]
|
[inl e] = letx = [e] in box inl (unbox x)
[inr e]] = letx = [e] inbox inr (unbox x)
[e1 e2] = letx = [e;] in(unbox x) [ez]
[letx = ey iney] =letx” = [e;] infes] [ (unbox x”)/x]
[unboxg €] = letx = [e] in(unbox x)

]

]

]

]

[unbox; e] = [e]

[letw(x, y) = e; iney] = let(x’,y") = (dist™ [e;]) in[es] [ (unbox x”) /x, (unbox y") /y]
[lety (x,y) = e; iney]] = let(x’,y") = [e1] infez] [ (unbox x”) /x, (unbox y”) /y]
[casen € {x.e1; y.e2}] = case (dist™ [e]) {x".[e1] [ (unbox x")/x]; y’.[ez] [(unboxy)/y]}
[case; e {x.e1; y.ex}] = case [e] {x".[e1][(unbox x")/x]; y’.[e2][(unboxy’)/y]}

CONJECTURE B.5 (TRANSLATION TO IS4). If T+ e: A @ p, then [I] + [e] : O"[A] and if e ~>* v,

then [e] ~*[v].
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