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—— Abstract

Amortized analysis is a technique for proving a combined time bound for a batch of operations
on a data structure, even if some of those operations are expensive. But the traditional method
of amortized analysis yields incorrect time bounds when the data structure is used persistently.
Persistence allows operations to be performed on previous versions of the data structure, which
prevents us from amortizing expensive restructuring work. In his seminal book, Chris Okasaki
showed how to extend amortized analysis to persistent usage. His method works by storing debits on
thunks. However, Okasaki describes his approach only informally, which makes it hard to understand
precisely when and why it works.

In this work, we provide an account of persistent amortized analysis in terms of operational
semantics for a call-by-value lambda calculus with thunks. We give a new definition of persistence
for these semantics and show formally that traditional amortized analysis is not persistent. Then we
show that it is possible to perform persistent amortized analysis by storing credits on thunks. This
refutes the folklore belief that debits are necessary for persistent amortized analysis. Finally, we
provide a semantics for Okasaki’s debit-based approach. Our work clarifies the formal foundation of
Okasaki’s work and makes it accessible to a wider audience.
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1 Introduction

Amortized analysis is a technique for proving a combined time bound for a batch of operations
on a data structure, even if some of those operations are expensive. But the traditional
method of amortized analysis only yields correct time bounds if data structures are used
sequentially and fails if data structures are used persistently. A data structure is said to be
used sequentially if each operation is applied only to the most recent version of the data
structure, as returned by the operation preceding it. This happens automatically in mutable
data structures, where operations overwrite the data structure and previous versions are no
longer accessible.

In contrast, persistent data structures [4, 22, 5] enable the programmer to access or
update any previous version of the data structure at no additional cost. This creates a more
flexible programming model, but breaks amortized analysis. Consider a version of a persistent
data structure that is highly unbalanced. In a traditional amortized analysis, this version is
assigned credits, which may be spent by a future operation to perform expensive restructuring
work to rebalance the data structure [24]. The credits may be spent on this work if the old
version is no longer used. But if the old version is still accessible, each operation on the old
version will perform the same expensive restructuring work again. Since the credits can only
pay for one of these operations, this makes the amortized analysis invalid.
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Okasaki [18] proposed that thunks can be used to achieve amortized time bounds for data
structures that are used persistently. A thunk is a memory cell that may only be updated
in a special, deterministic fashion: It starts out in a lazy state and may be updated to the
memoized state. Its value in the memoized state must be a deterministic function of its value
in the lazy state and it should be unobservable whether the update has already happened; a
program may ask to read the memoized value, but it will not learn whether the update was
performed to obtain it. This makes it possible to share restructuring work between different
versions of a data structure. If an operation memoizes a thunk, it will be memoized in all
previous versions of the data structure as well. This does not change the behaviour of the
previous versions, since the update is deterministic and unobservable.

Thunks allow Okasaki to reason about persistent data structures as if they were used
sequentially. Pilkiewicz and Pottier [19] and Mével et al. [17] formalize this intuition by
proving that thunks are monotonic: When reasoning about a persistent data structure, we
may assume that a thunk is lazy and that we have to pay for updating it, but if the thunk
was already memoized, our reasoning will still be valid and simply over-approximate the cost.

In his seminal book, Okasaki [18] adds thunks to many well-known data structures and
shows that his variations enjoy good amortized time bounds, even when used persistently.
He justifies his analysis using several informal reasoning principles. Yet, even experts find it
hard to nail down precisely how and when Okasaki’s reasoning principles work. This has
created interest in formalizing Okasaki’s reasoning principles. Danielsson [3] implements a
variant of Okasaki’s debit-passing-style in Agda. He shows that it is sound: the time bound
proven using debit-passing-style is an upper bound on the actual time taken by the program.
Pottier et al. [21] formalize debit-passing-style in Iris and also provide a formal foundation
for reasoning about the future evaluation of thunks.

But the role of debits in Okasaki’s work has remained underexplored. Okasaki asserts
that persistent amortized analysis requires debits and that using credits is unsound. This
has become a folklore belief that lead debits to be the foundation of subsequent work [3, 21,
9, 17, 19]. Even though several of these works already used credits under the hood, their
reasoning principles are still based on debits. Lorenzen [15] argues that reasoning purely in
terms of credits is sound as well, but does not prove this.

The paper is structured as follows:

In Section 3, we give a new characterization of persistence as the heap monotonicity of an
operational semantics. By deriving all of our results directly from an operational semantics,
we can state exactly when a reasoning principle works in a persistent setting. As an example,
we re-derive the fact that the traditional method of amortized analysis is not persistent.

In Section 4, we give operational semantics for credit-passing-style. Credit-passing-style
is a variant of Okasaki’s and Danielsson’s debit-passing-style, that places credits on lazy
thunks. We show that it is sound and persistent in our operational model. This is the first
formal proof that persistent amortized analysis can be performed purely in terms of credits
and refutes the folklore belief that only debits enable persistent amortized analysis.

In Section 5, we extend our operational model to Okasaki’s persistent Banker’s method.
Rather than store credits on lazy thunks, this method stores debits on memoized thunks.
This allows Okasaki to disregard lazy thunks entirely and assume that all thunks are already
memoized, even if it is not yet possible to pay for the update. This motivates Okasaki’s use
of debits as a barrier or “layaway plan” that prevents us from accessing a value before we
have paid for it. We show that this is sound and persistent in our operational model.

Our work clarifies the formal foundation of Okasaki’s work and makes it accessible to a
wider audience. Our formal model of persistence also provides a foundation to generalize
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thunks to more powerful persistent primitives, such as stable references [20, 10].

2 Preliminaries

To model operations on persistent data structures, we consider a lambda calculus with
algebraic data types. This is convenient, since the lambda calculus does not include any
operations that mutate data structures and so all data structures are persistent by default.

Our syntax is split into values, heap values and expressions. Expressions denote compu-
tations, which can return a value and store heap values in the heap.

v,w o n= XY, 2 (variables) e = w (values)
| a,bc (pointers) | hv (heap values)
) (unit) | letz =eine (let binding)
| inlv |inrov (sum) | casev{inlz — e;inry — e} (case split)
| (v,v) (pair) | let(z,y) =wvine (destruct a pair)
| Az.e (lambda) | vw (lambda application)
hv x= foldw (allocate) | unfoldw (dereference)
F n= Q| F,Flx)=e | Fuo (function call)

We distinguish between variables x,y, z in computations and pointers a, b, ¢ in the heap.
Loosely speaking, sums allow us to choose between values (similar to enumerations or tagged
unions), while pairs allow us to combine values (similar to structs). We will not need lambdas
(which correspond to anonymous functions) in this article, but include them for completeness.
We define top-level functions in the F environment and call them using F'(v). We do not
include a fixpoint operator or other recursion scheme, and instead assume that top-level
functions may be recursive. We use fold to allocate an expression into the heap and unfold
to look up a value from the heap.

Our syntax uses fine-grain call-by-value style [13], where most primitives operate on
values. This makes it easier to specify semantic rules. However, one can easily desuger a
more traditional syntax into this style by introducing let-bindings where necessary.

2.1 Big-Step Semantics

The (worst-case) time complexity of our language is given by a big-step operational semantics.
We write I : e || A : w to mean “under heap I', the expression e evaluates to value w with
updated heap A in k steps” A heap is defined as a mapping from variables to heap values:

Fa=0|T,a— hv

Our big-step semantics is specified using the inference rules below. Each rule specifies
that if the premises above the line hold, then the conclusion below the line also holds. We
write [v/z] for the capture-avoiding substitution that replaces all free occurrences of « with
v. This allows us to assume that each operation is performed on values of the correct shape:
for example, each case-split is performed on either an inlv or an inrv value. If the shape of
the value is incorrect, no rule applies and we say that the evaluation is stuck. We only write
T':elx A: w if the evaluation is not stuck.

T:ev/z] e A w

value
( ) T : case(in; v) {ing 2y — e;ing 2, = e} b A w

Fivlogl:w (case)

a ¢ dom(T")
I':foldv g I',a > foldv : a

F:ei1 g A:v Ac:esv/z]d ©:w
I:letx =erines Y541 0 1w

(fold) (let)

23:3
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ar— foldv el (unfold) T:efvr/x,va/y) b A w
I':unfolda do I' : v T:let(x,y) = (v1,v2)ine $p A:w

(split)

T:efv/a] §p A:w
I':(Az.e)v 1 A w

F(z)=eeF T:efv/x] §p A w
' Folrgr1 A:w

(call)

(app)

This semantics closely approximates the cost of executing a functional program in practice.
Like Danielsson [3], we only count the steps that correspond to lambda application and
function calls. It can be shown that, for a fixed expression, call-by-value semantics can be
simulated by a random access machine using only constant overhead [2].

2.2 Thunks

To model thunks, we extend our syntax and semantics. We add two new heap values: lazy
thunks and memoized thunks. A lazy thunk holds a value and is annotated by the top-level
function F' that should be applied to update the thunk. A memoized thunk holds the value
that was computed by the update. We can force a thunk to obtain its memoized value,
updating it if necessary. In practice, the function F' is not stored in the thunk itself, but
inferred from its type during the force operation [16].
hv ==...| memowv (memoized value) e u=...| forcev (force thunk)
| lazypv  (lazy computation)

To extend our semantics with thunks, we use a variant of Launchbury’s natural se-
mantics [12], that makes thunks first-order [16]. We allocate a thunk in a fresh memory cell
using the (lazy) and (memo) rules. If a thunk is memoized, we retrieve its value using the
(recall) rule at a cost of one step. If a thunk is lazy, we have to force it using the (force) rule,
where we remove it from the heap, run the computation and then store the memoized value
back into the heap. This costs one step plus the cost of computing the value.

a ¢ dom(T") FeF
T:lazyp v o (T,a—lazypv) : a

(lazy)

I':FolrA:w (force)
(Tya — lazyp v) : force a i (A, a — memo w) : w
a ¢ dom(T") (memo) ar— memov € (recall)

' : memo v g (T',a — memo v) : a I':forcea oI : v

3 Persistent Amortized Analysis

To illustrate the traditional method of amortized analysis and why it fails in a persistent
setting, consider a binary counter implemented as a (little-endian) list of bits. The increment
operation traverses the list until it finds a zero bit and flips all bits that it encounters along
the way.

One [~ One [~ Zero [~ Zero > One

incr

Zero | Zero || One [~>| Zero [~ One
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A counter representing the number n has at most logn bits and incrementing the counter
takes O(logn) time in the worst case. However, most increments will be far quicker. In
fact, incrementing a binary counter from zero to n takes only O(n) time in total, when the
worst-case bound would suggest that it takes O(nlogn) time. This motivates the Bankers
method of amortized analysis [24], which shows that the amortized time per increment is
only O(1).

3.1 Bankers Method

The Bankers method makes it possible to amortize expensive operations against cheap
operations. Cheap operations may spend additional time to save credits on the heap. Credits
may be spent during an expensive operation to reduce its cost. We model credits by a natural
number n that is attached to a heap allocation:

F:=0|T,a—, hw

We add rules for saving credits on these cells and spending them later:

save
T'awy, hv:savema {p T'ya —pim hv :a ( )

Fa—,hv:elpr A:w n,m >0
[',a = pqm ho : spend m fromaon e {yax(k—m,0) A w

(spend)

In the (save) rule, we take m steps to add m credits to a heap allocation. Conversely,
in the (spend) rule, we may spend m credits from the heap to reduce the number of steps
we have to take. We do not allow negative credits: if we try to spend more credits than we
have, this rule does not apply and evaluation is stuck.

3.2 Soundness

To show that the (save) and (spend) rules are correct, we need to compare them to the
rules defined earlier. The big-step rules defined in Section 2 give the worst-case number of
steps that are needed to evaluate an expression under a given heap. We will call it the real
semantics and denote it by b?. The Bankers semantics extends the real semantics with the
(save) and (spend) rules, and we denote it by |}F.

We show that (save) and (spend) rules are correct by comparing the Bankers semantics
to the real semantics. But this is tricky to do directly, since they use different syntaxes for
heaps. We relate the heaps through an erasure function "' : Heap® — Heap™ that embeds
the Bankers heaps with credits into the real heaps without credits.

» Definition 1 (Cost Model). A cost model (|}, ®,"-") consists of:
a class of heaps Heap which may be embedded into real heaps by "' : Heap — HeaupR
a big-step operational semantics {}: (Heap x Expr) = N x Heap x Value
a potential function ® : Heap — N.

We call a cost model sound if it yields the same result as the real semantics and allows
us to prove an upper bound on the number of steps taken by the real semantics.

» Definition 2 (Soundness [3]). A cost model ({,®,"-") is sound if for all T : e |}, A: v:
'_I’—l:elLE'_A_\:v
k4 ®(A) — B(T) < n.

23:5
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» Corollary 3. The real cost model (&, DR, r-TR) is sound for ®X(T') = 0 and T =T,

The Bankers method yields a sound cost mgdel. The potential function ®F counts the
total number of credits in the heap and the "- " function removes the credit annotations:

dB(@P) =0 OB, a v+, hv) = ®B(T)+n T =0 Toars, v =T", 4 ho

» Lemma 4|). e Bankers cost mode , P72, s sound.
L 4 ([24]). The Bank del (4B, @B, 7" d

Proof. By induction on the derivation of T': e {2 A : v. The (save) and (spend) rules do not

change the final result. (save) adds m credits to the heap but also costs m steps. (spend)
reduces the number of steps by up to m but also removes m credits from the heap. |

3.3 Amortized Analysis of Binary Counters

To analyse the binary counter using the Bankers method, we define the heaps of binary
counters inductively. The Counter(T',v) predicate defines a counter as a list of zeros and
ones, where we store a credit for each one-bit.

End =inl() Cons(n,a) =inr(n,a) Zero=1inl() One = inr()

Counter(a ¢ foldEnd : a)
Counter(I" : a) = Counter(I', b +( fold Cons(Zero,a) : b) (b ¢ dom(T))
Counter(T" : ) = Counter(T", b +— fold Cons(One, a) : b) (b ¢ dom(T"))

We define the increment operation as follows. We must save a credit for each one-bit we
create, but may spend a credit for each one-bit that we flip to a zero-bit.

incr(c) = case(unfold ¢){
End — save 1 (fold Cons(One, c))
Cons(n,a) — casen{
Zero — save 1 (fold Cons(One, a))

One — spend 1 from con fold Cons(Zero, incr(a)) } }

» Lemma 5. If Counter(T : ¢), then I : incr(c) {5 A : ¢ with Counter(A : /).

Proof. By induction on the Counter predicate. In each case, the function call takes one step.
(End): From Counter(T" : ¢), we obtain Counter(T', ¢’ ++1 fold Cons(0One, ¢) : ¢’). We save
one credit on the new one-bit, for a total cost of 2.

(Zero): From Counter(T', ¢ —¢ fold Cons(Zero, a) : ¢), we deduce Counter(I" : a) and
obtain Counter(T', ¢ —; fold Cons(One, a) : ¢’). We save one credit on the new one-bit,
for a total cost of 2.
(One): From Counter(T',c¢ —; fold Cons(One,a) : ¢), we deduce Counter(T" : a). By
the induction hypothesis, thus T : incr(a) {8 A : ¢/ with Counter(A : ¢/). We obtain
Counter(A, ¢’ +q fold Cons(Zero, ') : ¢’). This yields a total cost of 3, but we can
reduce it to 2 by spending the credit from the one-bit.

<



A. Lorenzen

3.4 Persistent Usage

This proof is standard for imperative languages, where each increment operation modifies the
counter in place. However, this proof does not apply if the counter is used persistently. In
functional languages like Koka, it is possible to increment the same counter multiple times:

val ones = One(One(One(End))) // saves three credits
val cl1 = incr(ones) // spends three credits and saves one
val c2 = incr (ones) // spends three credits and saves one

In the program above, we create a counter with three one-bits, which gives us three
credits. Then we perform two increments on the same counter. Each increment flips all three
one-bits. In total the program spends six credits but only saves five credits. Clearly this is
wrong: we can not spend more credits than we have.

The problem is that Lemma 5 does not apply to the second increment. Given Counter (T :
ones), we can perform the first increment, yielding Counter(A : ¢;). But there is no guarantee
that Counter(A : ones) holds, which prevents us from applying the lemma again.

In fact, increments do not take O(1) amortized time in a persistent setting:

» Proposition 6. Starting from an empty counter, n persistent increments may take (nlogn)
time.

Proof. Use up to n/2 increments to obtain a binary counter corresponding to the number
2llog(n/2)] _ 1 Then perform n/2 increments on this counter, persistently. Each increment
takes Q(logn) time, since it has to flip all |log(n/2)] bits again. <

This is not just of purely theoretical concern: many classic data structures do not enjoy
good amortized time bounds in a persistent setting. For example, Binomial Heaps [25] extend
binary counters to a priority queue by associating each one-bit with a tree. However, their
amortized bound does not hold in a persistent setting [18].

3.5 Persistence

To describe when an analysis holds in a persistent setting, we need to formalize how the
heap may change during evaluation. We use a partial order C on heaps, which we call the
accessibility relation [1].

» Definition 7 (Accessibility). An accessible cost model is a cost model (I}, ®," ") equipped
with a partial order T on heaps such that T T A 4ff T': e, A :v for some e, n,v.
Let us say that an analysis describes a sequence of operations Fi, Fs, ..., F,, and we

ensure that each intermediate state I'; : v; satisfies some invariant. This is enough to show
soundness in a sequential setting. In a persistent setting, an operation may change the
intermediate state I'; : v; to A; : v; for I'; £ A;. Can we still apply the operation F; to
Ai : 'Ui?

» Definition 8 (Persistence). An accessible cost model ((I},®," "), C) is persistent if for all
T:el,IV:vand T C A, there exist A’k such that A:el, A" :v, k<n andTVE A’. It
1s uniformly persistent if k = n.

If the cost model is persistent, we can apply F; to A; : v;. It is guaranteed that this
yields the same result v;11, does not take more steps, and that the new state A; 11 : v;41 is
still accessible from I';41 : v;41. This allows us to inductively shift all subsequent operations
to the extended heap:

23:7

CVIT 2016



23:8

Persistent Amortized Analysis, Operationally

Fy 'Ulanl F U2Un2 Fs 'USang Fop vmdn,,
Fl v, ————— FQ Vg — > 13 v3 s Fm+1 D Uma1
| ! |
J; C C \C
u i +
Ag 1 vg —=m---m-m- > A3 V3 ——ommmmmmmoy e ommmmm oo > A 41 Um41
Fzvad, Fs vz, Fo bk, "

In a persistent cost model, we can thus reason about persistent usage using sequential
reasoning. We do not have to consider how the data structure may change in between
operations, since our reasoning can be applied to any accessible state automatically. In
particular, our reasoning does not have to consider monotonicity explicitly, since the evaluation
itself is guaranteed to be monotonic.

For the real cost model, the heap only changes by adding new allocations and forcing
thunks:
rcA ACO ferans] a ¢ dom(T")

rce rcla— hv

TC A I':FolrA:w
(Tya — lazyp v) C (A, a +— memo w)

[refl] [alloc]

rcr

[force]

R
» Lemma 9 ([19]). The real cost model (I}, %, ) CR) is persistent.

Proof. We prove this using induction. The interesting case (force)

is if the evaluation forces a thunk, which is also forced in the [— 1—:/
larger heap. Then the evaluation succeeds using the (recall) J[force] i [refl]
rule, since thunk evaluation is deterministic. The full proof (recall) v

can be found in the appendix. 4« Al y A

» Remark 10. To show that the real cost model is persistent, we assume without loss of
generality that we never allocate two values under the same name. For example, we can
allocate fold v at a if the heap is (J, but this fails if the heap is {a — fold w}, even though
f C {a — foldw}. But the names in the heap are always chosen freshly and so we may
assume that name clashes never occur.

Intuitively, persistence means that I' C A implies that A is “better” for amortization
than T'. Thunks are persistent, because every update leaves them in a better state [19].

3.6 The Bankers Method, Revisited

The Bankers Method is not persistent. To see why, consider how the heaps may change
during evaluation. Because we can both save and spend credits, our accessibility relation has
to account for arbitrary changes in the number of credits:
0<n<m n>m>0
I'a—, hwCET,a—,, hv I'a—, hv CET,a—,, hv

[spend]

[save]

» Lemma 11. The Bankers cost model (({5, B, '—-—‘B), CB) is accessible.

» Proposition 12 ([18]). The Bankers cost model ((@B,@B,F-TB), CB) is not persistent.

Proof. Define I' = {a 5 foldv}, IV = {a ¢ foldv} and (spend) )
e = spend5fromaon(). Then I : e ¥ I” : (). Define r » I
A = {a ¢ foldv}. Then I' C A by the [spend] rule. But J[spend]

A : e is stuck, since the (spend) rule only applies if there are

enough credits. | A
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4 Persistent Amortized Analysis with Credits

To illustrate the credit-passing technique, which does work in a persistent setting, we add
thunks to the binary counter. We use thunks as internal nodes that correspond to a delayed
increment operation. When we force a thunk, we perform one step of the increment operation:

--> Incr Zero [—> ¢ --> One |——— forcec

force
--> Incr One [— ¢’ E— --> Zero Incr —> ¢’
--> Incr End --> One End

Again, we define the heaps of binary counters inductively. This time, each zero-bit is
followed by a lazy increment thunk. We assign one credit to increment thunks, but not to
other heap allocations.

Counter(a — foldEnd : a)

23:9

Counter(T" : a) = Counter(T", b — fold Cons(One, a) : b) (b ¢ dom(T"))
Counter(I" : a) = Counter(T", ¢ — fold Cons(Zero,b),b —1 lazy,., a:¢) (b,¢ ¢ dom(T"))

We change the increment operation as follows:

incr(c) = force(save 1 (save 1 (lazy,., ©)))
Incr(c) = case(unfold ¢){
End > fold Cons(One, c)
Cons(n,a) — casen{
Zero +— fold Cons(One, force(save 1 a))

One — fold Cons(Zero,save 1 (lazy,., ¢)) } }

To increment a counter ¢, we just add an Incr(c) thunk to the front, save two credits on
it and force it. To show that this works, we have to prove that the thunk can be forced in
two steps and the resulting counter is still well-formed.

» Lemma 13. If Counter(T": ¢), then I' : Incr(c) S A : ¢ with Counter(A : ¢).

Proof. By induction on the Counter predicate. In each case, the function call takes one step.
(End): From Counter(I" : ¢), we obtain Counter(I', ¢’ — fold Cons(One, ¢) : ¢), for a total
cost of 1.

(Zero): From Counter(I',c — fold Cons(Zero,a),a 1 lazyq,., b : ¢), we deduce
Counter(I' : b). We save a credit on a for a total of two credits. This allows us to
force the delayed Incr(b) computation, which yields Counter(A : b’) by the induction
hypothesis. We obtain Counter(A, ¢ — fold Cons(One,b’) : ¢’). Because we save one
credit, the total cost is 2.

(One): From Counter(T', ¢ — fold Cons(0One, a) : ¢), we deduce Counter(I": a). We alloc-

ate a new thunk and save a credit on it, thus obtaining Counter(T, ¢’ — fold Cons(Zero, b), b+

lazy;,., ¢ : ¢). Because we save one credit, the total cost is 2.
<4
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4.1 Credit Passing Style

The key idea that makes the analysis above work in a persistent setting is that credits are
placed on lazy thunks and only spent when the thunk is forced. We allow credit annotations
only on lazy thunks in the heap:

Fu=0|T,a— hv|T,ary, lazyp v

The (memo) and (recall) rules remain unchanged, but we need to modify the rules for
lazy thunks. When we force a lazy thunk, we now take the credits stored on the thunk to pay
for the computation. To ensure that enough credits are available, we add a (save) rule, which
saves credits on a lazy thunk. If we save credits on a memoized thunk, they will be wasted.

a ¢ dom(T") FeF 1 a+— memov €
(lazy) T':savemal, T :a

(waste)

I:lazyp v Jo (Tya —p lazyp v) 1 a

save
(T,a =y, lazyp v) s savema 4, (T, a =g lazyp v) 1 a (save)

' FolprA:w k<n
(T, a >y, lazyp v) : force a Yo (A, a — memo w) : w

(force)

We call this the credit-passing semantics and write l}g to refer to it. The potential

. . C .
function ®C counts the total number of credits in the heap and the " function removes
the credit annotations:

(M) =0  O°(T,a s, lazypv) =d°(M@)+n 9T, a — ) = d°(I)

1

C C C C C
M =0 T,a =, lazyp v =T a lazyp v T,a+ hv'" =T

,a+— hv
» Lemma 14. The credit-passing cost model (1€, ®°, er) is sound.

Let us consider how the heaps evolve in the credit-passing semantics. Our accessibility
relation C€ extends CR by the rules:

hv = lazyp v n<m
(Tya —, ) E (T, a >y, ho)

T'CA I':FolprA:w k<n
(T',a >, lazyp v) C (A, a — memo w)

[save] [force]

Unlike in the traditional Bankers Method, the number of credits on a lazy thunk may
only increase in this semantics. It can decrease when the thunk is forced, but at that point
the thunk is replaced by a memoized value, which costs nothing to force. This ensures that
the heaps can only become “better” over time:

» Lemma 15. The credit-passing cost model ((1}€, ®°, r-jc), C©) ds uniformly persistent.

Proof. If we force a thunk that more credits were saved on, those credits are discarded. If
we save credits on a thunk that has been forced, we waste these credits.

r (force) I r (save) v
J[save] % [refl] J[force} % [force]
A (force) 4, A (waste) 1
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4.2 Credit Inheritance

Credit passing style wastes credits when they are saved on a memoized thunk. Lorenzen [15]
proposes Credit Inheritance as an alternative to avoid wasting credits. If a thunk has an
excess of credits when forced, it can designate another thunk as its heir and pass excess
credits on. This technique enables more advanced reasoning: Credit Inheritance can be used
to analyse Okasaki’s Bankers Queue, while credit passing style can not do so [15].

We extend the syntax of heaps to add an heir h on memoized thunks:

F:=0|T,a— hv|T,a+, lazyp v | T, a —j memo v

The key new rule is the (pass) rule, which allows us to designate another thunk as the
heir h and pass on credits from our computation to the heir. We record the heir on the
reduction relation U,ih} of the current computation. This rule does not specify how many
credits m are passed on to the heir; this will be determined later by the (force) rule.

I:savemh |2 A:v
F:passhl},%}A:v

(pass)

We extend all existing rules to propagate the heir. Rules that do not have the judgement
as a premise (like (value) or (unfold)) use the empty heir §. The other rules propagate the
heir from their premise. Since the (let) rule has two premises, we add a side-condition that
only one of the premises carries an heir:

F:ell}fk”A:v A:eg[v/x]lﬁu@:w |hiUhsl <1

I':letz =ejiney UZiLthQ O:w

(let)

The (force) rule installs the heir annotation on the memoized thunk and removes it from
the judgement. This time we ask that the computation in the thunk spends all the credits
available on the thunk. This ensures that the number m chosen in (pass) is as large as
possible and no excess credits are wasted.

F:Fvliih}A:w k=n

(T, a +, lazyp v) : force a |8 (A, a ), memo w) : w

(force)

Finally, the heir annotation allows us to provide the (inherit) rule. Unlike the (waste)
rule, which discards credits placed on memoized thunks, the (inherit) rule allows us to retain
these credits by passing them on to the heir.
0N

é)” (inherit)
(T, a —p memo w) : savema |, (A, a+—p memo w) : a

I':savemh |

We call this the credit-inheritance semantics and write Ugl for llZ. The potential function

o cI .
PCl = HC counts the total number of credits in the heap and the " function also removes

. . CI I
the heir annotations (T, a —; memov' = T' , a+ memo v)
. . cI, .
» Lemma 16. The credit-inheritance cost model (|°1, ®°L". ") is sound.

The C©! relation differs from C€ only in the new heir annotation in the [force] rule.

» Lemma 17. The credit-inheritance cost model (({}°1, @1, I—~—‘CI), CCY) is uniformly persist-
ent.
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Proof. If we force a thunk that more credits have been saved on, those extra credits will
be passed on to the heir instead of being discarded. If we save credits on a thunk that has
already been forced, those credits will be inherited by the heir instead of being wasted.

r (force) F’ . (save) o
J[save] % [save] J[force] % [force]
A (orce) A (imherit)

5 Persistent Amortized Analysis with Debits

Okasaki does not reason in terms of credits, but uses debits: a number that describes how
many credits we have to save on a thunk before we can force it. If the evaluation of a thunk
takes k steps and the thunk has n credits, we can equivalently say that the thunk has k —n
debits. But as we have seen in the last section, one can perform persistent amortized analysis
purely in terms of credits. If debits are not necessary for amortized analysis, then why does
Okasaki’s work use debits at all?

We believe that Okasaki’s use of debits should be seen as part of his evaluation model of
thunks. In his analysis, Okasaki acts as if thunks were evaluated upon creation. But he does
not pay for the evaluation and instead places the cost as a debit on the result of the thunk.
Debits act as a barrier that prevents accesses to the result until the evaluation has been paid
for. Okasaki motivates debits by analogy to a “layaway plan”, where you select what to buy
and the store holds it for you until you have fully paid for it [18, page 60]. This requires us
to remember the “price”, or cost of evaluation of each thunk. We could still use credits to
count up to this cost, but it is much more elegant to use debits and count this cost down to
zero instead.

To illustrate this, we again define the heaps of counters inductively. We assume that all
thunks are memoized, but place one debit on memoized thunks:

Counter(a — foldEnd : a)
Counter(I" : ) == Counter(I', b — fold Cons(One, a) : b) (b ¢ dom(I"))
Counter(I" : a) = Counter(T", ¢ — fold Cons(Zero, b),b 1 memo a: ¢) (b,c ¢ dom(T"))

We use the lazy increment operation defined in Section 4, but modify it slightly by
replacing save 1 (lazy,..c) by lazy;,..c. In our proof, we now assume that all thunks we
create are evaluated immediately and place the cost of that evaluation as a debit on the
resulting thunk. However, we account separately for the cost of paying off debits, which is
not part of the cost of evaluating thunks.

» Lemma 18. If Counter(T : ¢), then I : Incr(c) 41, A : ¢ with Counter(A : ¢/).

Proof. By induction on the Counter predicate. In each case, the function call takes one step.
(End): From Counter(T" : ¢), we obtain Counter(T', ¢’ — fold Cons(0One,c) : ).
(Zero): From Counter (T, ¢ — fold Cons(Zero, b), b —1 memo a : ¢), we deduce Counter(T" :
a). We pay off the debit on b and obtain Counter(T", ¢’ — fold Cons(One, a) : ¢).
(One): From Counter(I',c¢ — fold Cons(One,a) : ¢), we deduce Counter(I' : a). By
the induction hypothesis, I' : Incr(a) §; A : ¢/ with Counter(A : ¢/). We obtain
Counter(A, ¢” — fold Cons(Zero,b),b —1 memo ¢ : ¢”), where we place the cost of
evaluation as a debit on b and propagate the cost of paying off the debit.
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<

This statement is quite similar to the sequential one (Lemma 5). By pretending that
Incr thunks are evaluated immediately, we can reason about them just as we reasoned about
the incr function. The main difference is that this proof places debits on zero-bits, while the
sequential proof places credits on one-bits. In the recursive case, where one-bits are turned
into zero-bits, the sequential proof consumes credits while the persistent proof produces
debits.

This proof is typical for Okasaki’s debit method. Note how this proof reasons about
thunks that do not exist in the data structure yet. On a counter consisting only of one-bits,
our implementation creates an increment thunk and forces it to flip the first one-bit to a
zero-bit. However, in the proof, we act as if we continued evaluating the thunk and flipped all

one-bits to zero-bits immediately. This is possible because thunk evaluation is deterministic.

One can argue that “in the future, thunk a will create a new thunk b” and then reason about
b before it actually exists.

5.1 The Persistent Bankers Method

Okasaki defines the amortized cost of an operation informally as the unshared cost of actually
performing work plus the number of debits discharged [18, page 60]. To formalize this, we
track two numbers |, -, where k is the total number of time steps taken by the evaluation
and k' is the number of debits discharged during the evaluation. All previous rules can
be extended to this setting by propagating k’ from their premises to their conclusions (or
returning k&’ = 0 if no premise exists).

In our heaps, we now allow debits to be placed on memoized thunks. Debits may be
negative. For a memoized thunk with debits, we also record the computation F' v that was
used to create it as well as the new allocations A created by the computation:

[:=0|T,a~ hv|T,a—, memos, w

In the (lazy) rule, we now run the computation of the thunk immediately, but do not pay
for it. Instead, we place the unshared cost as a debit on the resulting thunk. However, if
the thunk itself pays off debits, this cost is propagated to the outside. The (force) function
allows us to access the value of a memoized thunk once the debt has been paid off. Once we
access it, we remove the annotations from the thunk. Finally, the (save) rule allows us to
pay off debits on a memoized thunk and if the thunk has no debits left, saved credits end up
being wasted.

F:Folew A:w a ¢ dom(A)

I:lazyp v Yo r (A a memo?lF

(lazy)
w):a

n <0
A

I';a —, memoy , w : force a {0 I',a — memo w : w

(force)

— A
hv = memo%, w

(T,a —, ho) :savema Jo.m (Tya —p_m hv) 1 a (save)

a+— memow €I
I':savemadom ' :a

(waste)
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We call this the debit semantics and write lLEH., for 1 . To show that this semantics is
sound, we need to undo the evaluation performed in the (lazy) rule. If a thunk still has an
annotation, we restore it to the lazy state and remove all new allocations that were added
during the computation. In the potential function, we count the number of debits that were
paid off, where k® is the real cost of evaluating the thunk and n is its number of debits:

PPy =0  @°(I',a s, memor, w) = B°(M) + kR —n  OP(T,a — hv) = °(I")

D D D D D
0 =0 T,a v, memos, w' =T\ A", aw lazyp v T,a—hv" =T" ,a— hv

» Lemma 19. The debit cost model (UD,(I)D,'_-—'D) is sound.

» Example 20. To illustrate why the semantics has to track both k and k', consider
a (lazy) rule that places both as a debit on the resulting thunk. Given a heap {a
memor, , w}, we may now allocate a new thunk lazyy () for F3(()) = savena. If we
were to place the discharged debits on the resulting thunk, our resulting heap would be
{a o memop, , w,b+>,41 Mmemop, 0 a}. Effectively, we would move n debits from a to b.
Since a now has no remaining debits, we could force it for free, without forcing b first. This
allows us to access w without paying off its debits and thus breaks soundness.

Let us consider how the heaps evolve in the debit semantics. Our accessibility relation
CP on heaps is defined as follows:

rca F:Folew A:w a ¢ dom(A)

FC (A a— rnemo?)F

[lazy]
w) Y

hv:memo%Uw n>m n<0
[save] A
(T, a >y, ) C (T, a >y, hv)

[force]

(T, a +—, memop, w) C (T, a — memo w)

Again, the number of debits on memoized thunks may only decrease in this semantics.
This ensures that the heaps can only become “better” over time:

» Lemma 21. The debit cost model (({}°, ®P, r'—ID), CP) is uniformly persistent.

5.2 Debit Inheritance

In the last section, we saw that it is generally unsound to move debits between thunks. This
is sound, however, if we can guarantee an evaluation order between the thunks. For example,
we might know that b will always be forced before a. Okasaki then allows b to inherit the
debit from a [18, page 67].

An important special case where it is guaranteed that b will always be forced before a, is
if a is created during the evaluation of b. Even though the (lazy) rule evaluates b immediately,
the result of that computation (and thus a) only becomes accessible once b has been forced.
This ensures that a is only accessible from outside the thunk once b’s debit has been paid off.

To encode this in our semantics, we modify the (lazy) rule. For a freshly allocated thunk,
we propagate unshared work to the outside.

a & dom(T") I Folew A:w

I':lazyp v lpr (A, a0 memo?;F

(lazy)
w):a

This rule captures Okasaki’s reasoning style for monolithic computations, which create
new thunks that have to be forced in the computation itself. When reasoning about them,
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“all debits are usually assigned to the root” [18, page 61]. The (lazy) rule makes it possible for
the computation to inherit all the debits from the thunks that it creates during its evaluation.
We call this the debit-inheritance semantics and write I" : e ll],?_{_k, A:wforI':e g A:

w. We reuse the ®P and r.p defined for the debit semantics.
» Lemma 22. The debit-inheritance cost model (|}, ®P, er) s sound.

The CPT relation differs from CP only in that the new debit is 0 instead of & in the [lazy]
rule.

» Lemma 23. The debit-inheritance cost model (({}P!, ®P, r-jD), CPY) is uniformly persistent.

6 Related Work

We compare to the main related works by considering several aspects of reasoning about
persistent amortized complexity.

Credits and Debits

Okasaki [18] claims that debits are necessary for reasoning about persistent usage, and that
using credits is unsound. His first argument centers on the lack of linearity in a persistent
setting: the persistent usage of a data structure could cause credits to be spent more than
once, which would break soundness. But debits do not suffer from this issue: “although
savings can only be spent once, it does no harm to pay off debt more than once” [18, page 59].

However, this argument ignores an important aspect of thunks: they are only evaluated
once. This guarantees that the resources they hold are used linearly, even if there are many
references to the thunk itself. Pilkiewicz and Pottier [19] and Mével et al. [17] exploit this
property to implement a model of thunks that holds credits in the lazy state. They show
that this model does not duplicate credits and is monotonic. Yet, these works continue to
use debits in their interface of thunks. Lorenzen [15] propose a purely credit-based interface
for reasoning about thunks, but do not formalize it or prove soundness.

Reasoning about the Future

Okasaki’s reasoning style usually assumes that thunks are evaluated immediately: in the
absence of side-effects, it does not matter when a thunk is evaluated (shown formally by
Hackett and Hutton [8]). This leads to his second argument for debits as a “layaway plan”.

However, saving credits on a thunk is a side-effect. Thus, Okasaki does not generally
create debits for paying off thunks (see Example 20). He does create debits for paying off
thunks in his debit-passing-style, but restricts it to those thunks that are guaranteed to be
forced after the enclosing thunk [18, page 174]. This is an important difference to Danielsson’s
version of debit-passing-style [3], which allows saving credits on any thunk. Danielsson’s
version is sound because the side-effect is only executed when the thunk is forced; in contrast,
Okasaki’s version executes the side-effect immediately and thus has to be more restrictive.

For some data structures, like the Bankers Queue, it is necessary to pay off a thunk that
will be created when evaluating another thunk. Okasaki’s method makes it possible to save
credits on the inner thunk directly. In contrast, Danielsson [3] assumes that thunks are

evaluated on forcing and can not do so. Instead, he proposes deep payment as an alternative.

Deep payment injects a ‘save’ operation into the computation of the enclosing thunk to pay off
the debits of the inner thunk once the enclosing thunk is forced. Pottier et al. [21] generalize
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this principle to their ‘Thunk-Consequence’ rule, which allows arbitrary implications to be
injected.

Side-effects in Thunks

The language we consider in this paper is purely functional and does not include mutable
references. Unfortunately, almost all the results in this paper break if mutable references are
included. For example, persistence requires that the evaluation of a thunk is deterministic,
so that we do not have to roll back to the lazy state when going back to a previous version.
But thunk evaluation is not guaranteed to be deterministic if the thunks can read from
mutable references. Similarly, the cost of evaluating a thunk (and thus its number of debits)
may depend on the state of mutable references. If we determine the cost of forcing a thunk
given the state of the heap at the time of its creation, then this cost may change if mutable
references are written to. Thus it would be unsound to assign a fixed number of debits to
a thunk at creation time and force it once enough debits have been assigned; after all the
cost of forcing the thunk may have changed. This restriction does not impact our ability to
model Okasaki’s data structures, which can all be implemented without mutable references.

Pottier et al. [21] avoid the requirement for deterministic execution by specifying the
result of a thunk only up to an invariant. This makes it possible to run a non-deterministic
computation in a thunk, as long as the result satisfies the invariant. Their work is embedded
in Iris and can interface with code that includes references and even concurrency.

Persistence and Monotonicity

Our characterization of persistence is an instance of heap monotonicity [6]. It is inspired
by the work of Pilkiewicz and Pottier [19], who show that thunks are monotonic. In
Danielsson’s work [3], the persistence of thunks is not explicitly stated, but follows from
his type preservation result. Type preservation is explicitly related to heap monotonicity in
proofs that use logical relations [1]. Mével et al. [17] and Pottier et al. [21] show persistence
using the persistent modality of Iris.

7 Conclusion

We have presented an operational account of amortized analysis in a persistent setting. Our
new characterization of sound and persistent cost models allows us to precisely distinguish
between approaches that are persistent and those that are not. We give the first proof of the
soundness and persistence of amortized analysis with credits in a persistent setting, which
refutes the folklore belief that credits are unsound for persistent amortized analysis. We also
provide a new model for Okasaki’s use of debits and show that it is sound and persistent.

Which Reasoning Principle is Best?

While our work describes how lazy data structures can be analysed, it does not prescribe how
they should be analysed. The credit-based analysis is quite close to the actual implementation
on a machine and allows us to provide an invariant that describes the state of the data
structure at any point in time. However, the credit-based analysis is somewhat more involved
than the debit-based analysis, which can side-step many operational details to arrive at a
shorter invariant. Personally, we find reasoning using credits more intuitive, but we have
come to appreciate the brevity of debit-based reasoning as well. Furthermore, while our work
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concerns a strict language where thunks are only used sparsely, a lazy language where thunks
are ubiquitous may instead benefit from a reasoning style based on demand [8, 7, 14, 26].

Beyond Thunks

There could be a more general interface for persistent mutation in functional programming
languages. As we have seen, thunks are sound because updates do not change their content
semantically, and thunks are persistent because updates can only reduce the costs of future
operations. The first property is shared by quotient types, where an update that exchanges
equal representatives of the quotient does not break referential transparency [23] (and, in
fact, thunks can be seen as an instance of this principle [16]). However, we additionally need
to ensure monotonicity of updates. We are interested in exploring a more general interface
for monotonic updates, like LVars [11] or stable references [20, 10].
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A Proofs

A.1 Soundness
Lemma 4

Proof. Induction over the derivation of I' : e ||2 A : v. We only have to consider the (save)
and (spend) rules, which are new to this cost model. In the real cost model, savema is a
no-op and spendm fromaone just evaluates e. For (save), we have:

OB, a —pym hv) — ®B(T, 0+, hv) = (B(T) + n+m) — (®B(") + n)
=m
For (spend), we apply the lemma inductively to the premise. Assume the real semantics
takes k steps and the Bankers semantics &’ steps on the premise. Then we have k 4+ ®B(A) —
®B(T, a +, hv) < k’. We have:
k+®B(A) - BT a i ) =k + 03(A) — (@B(T) +n +m)
=k+®3(A) - ®B(,a s, hv) —m
<k -—-m
< max(k" — m,0)

Lemma 14

Proof. Induction over the derivation of T' : e || A : v. We only consider the new rules.
Again, savem a is a no-op in the real cost model.

(lazy): We have T, a +¢ lazy o'C = rlﬂc7 a — lazy v and

®C(T, a ¢ lazyp v) — ®C(T) = (®C(T") + 0) — dC(T)
=0

(waste): Trivial, since savem a is a no-op in this rule.

save): We have T, a +, laz vjc = rl'rlc,a — lazyp v =T, a —nim laz v—'c and
(save) YF YF +m lazy g
BT, a >y lazy g v) — BT, a v, lazyp v) = ®C(T) +n4+m — d°(T) —n

=m

(force): By the induction hypothesis, we have T Fu B A wand K+ dC(A) —
®C(T) < k. By the (force) rule, we have T,a +, lazyp o' : forcea B "Ala

C ..
memo w' : w. The second condition holds as:

k' + ®°(A,a — memo w) — ®C (T, a s, lazyp v) = k' + ®C(A) — d° () —n

<k-n
<n—n
=0
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» Lemma 24. IfT :savema S At v, then T = rATCI, T savema I A 6 and
PCI(A) — dCHT) < m.
Proof. By induction over the derivation of I' : savema IS A - v.

(waste): Trivial, since ®“'T' — ®“IT" = 0 < m.

(save): We have T, a +, lazy o"C = rI’—‘C, a—lazyp v ="T,a >, m lazyp 2" and

DC(T, @ —ppm lazy p v) — BC(D, a >y, lazyp v) = ®C(T) +n+m — d°(T) —n

=m
CI CI CI CI
I_F—I _ I_A—l , I—F—l OR I—A—I .

(inherit): By the induction hypothesis, we have :savemh |

h and ®“I(A) — @°Y(T") < m. We have

M a9C1  m+CL
I'Na—pmemow =T "",a+~ memow
rA1CI
= A" ,a+ memo w

r 7CI
= A, a >, memo w

F 7CI r —CI
and thus T, a —;, memo w'  :savema |l "A,a —), memow'  :a and

dCN(A, a —p, memo w) — ®YT, a +—, memo w) = H(A) — YT

<m

Lemma 16

Proof. By induction over the derivation of T': e ST A : v. We only consider the new rules.
Again, savem a and pass h are no-ops in the real cost model.
(pass): By Lemma 24, we have ™" = '_AjCI, T . savemh I A b oand
PCT(A) — ®HT") < m. Since pass h is a no-op in the real cost model, this concludes the
proof.
(force): By the induction hypothesis, we have T Fu IR A wand K+ dC(A) —
®C(T") < k. By the (force) rule, we have T,a r, lazyp 2" . forcea B "Aa —,

-C ..
memo w : w. The second condition holds as:

k' 4+ ®C(A, a +j, memo w) — (T, a >, lazyp v) = k' + ®°(A) — d°(T) — n

<k-n
=n-n
=0

(inherit): By Lemma 24.
<

» Remark 25. For the debit cost model, we ensure tlllDe following inx}gariant on heaps: For
every heap I', a >, memo%v w, we request that T\ A" : Fo WI}R T" :w and that k& < kR,

> Lemma 26. IfT:c D, Ao, and T s e B A v, then k < k.

Proof. By induction over the derivation of T" : e l}gk, A : v. The property hold for all
rules. |
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Lemma 19

Proof. We first show that both semantics produce the same final heap and value. By
induction over the derivation of T" : e UR w At v. We only consider the new rules.
(lazy): We have

A a sy memoﬁy W’ ="A \ (A F)jD, a—lazyp v

D
=T" awlazyp v

By the induction hypothesis, we have T ¢ IR AP v, and thus our invariant holds.
(force): We have

D D
T,a v, memo2, w' =T\A" aw lazy, v
and

q D _ mab
I'a— memow = T",6a++ memo w

By our invariant, we have T'\ AP Ry YR T . w We can thus apply the (force) rule
in the real cost model to obtain the claim. b .
(save), (waste): Trivial, since T,a +, memof, w' = T'

E A D
I',a —p—y, memop , w

;a4 — Mmemo w =

Now we show the cost condition. By induction over the derivation of I : e ng, Ao,

We only consider the new rules.
(lazy): Let k® be the time taken for the thunk in the real semantics. By the induction
hypothesis, we have k& + ®P(A) — ®P(T') < k + k’. We have
®P (A, a -+ memop, w) — ®P(I') = (PP (A) + kR — k) — @P(I)
KN —k+k+E Y
<K

By Lemma 26, we have k < kR, which ensures that ®° remains non-negative.
(force): Let k® be the time taken for the thunk in the real semantics.

KR+ <I>D(F, a — memo w) — CIDD(F, a memo%v w)
= R +oP() —oP() — kR +n

<n

<0

(save): We have
®°(T',a —y_p, memos , w) — ®°(T, a —,, memo? , w)

= (P (M) + kR — (n—m)) — (®P(T) + k® —n)

=m-n+n=m

(waste): Trivial, since it doesn’t change the heap and 0 < m.
<

» Remark 27. For the debit inheritance cost model, we relax the invariant that k < k% for
every memoized thunk and include on the right hand side the costs of the children thunks as
well.
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» Lemma 28. IfT :e¢ Ulk),k' Ao, ™ . ¢ llgR N v, and kY, ..., kR are the real costs
of the children thunks, then k < kR + kR + ... + kR,

Proof. By induction over the derivation of T" : e l}}?’k/ A :v. We have k < k® in all rules
except for the new (lazy) rule with inheritance. In that case, we have to charge for the time
taken to evaluate the thunk as well. <

Lemma 22

Proof. By induction over the derivation of I' : e l}E’Ik, A :v. We only have to consider the
new credit annotation on the (lazy) rule.
(lazy): Let k® be the time taken for the thunk in the real semantics. By the induction
hypothesis, we have k% + ®P(A) — ®P(T') < k + k’. We have

®P (A, a — memos, w) — ®P(T) = (P (A) + k?) — dP(I)
<kKR+E+E -
<k-+FK

A.2 Accessibility

To show results about persistence, it is convenient to consider only that subset of the big-step
rules that interact with the heap. Rules like (case), (split), (app) or (call) are independent
of the heap and do not affect persistence. We thus define a version of the relation C that
characterizes expressions that interact with the heap. We write I' T, 1, A if I': e Jp A : w.
We write & 1, if different e yield the same relation.

For the real cost model, the rules are as follows:

r Eel,k,v A A Eez[v/x],l,w o r Ee,k,w A

r EU,O,U r (re ) T Elet r=ej in ez, k+l,w ) (tranS) r Ei,k,w A (S ep)
a ¢ dom(T") a+— foldv eI
11 unfold
I E,,Oya F,a — hv (a OC) r Eunfold a,0,v r ( )
TCrokw A
S (force)

(T, a—lazyp v) Crorcea k,w (A, a — memo w)

a+— memow € I’ (recall)
r Eforce a,0,w r

» Lemma29. TCR, A iffT:e |l A:w.

=e,k,w

Proof. The rules of C. ;, ,, relate to the big-step semantics as follows:
(refl): (value)
(trans): (let)
(step): (case), (split), (app), (call)
(alloc): (fold), (lazy), (memo)
(unfold): (unfold)
(force): (force)
(recall): (recall)



A. Lorenzen

» Lemma 30. T' C® A iff there exists e, k,w such that T T}, ~A.

=e,k,w

Proof. Direction (=): By induction on I' T A. We maintain that w consists of nested pairs
that contain all heap locations in A\ T.
[refl]: Immediately by the (refl) rule using e = w = ().
[trans]: Apply the induction hypothesis on both premises, yielding I' T, k., A and
A Ceiw ©. Let e = letx = erin...lety = eyin(z,y), where ... splits v into its
components. We obtain I' T, ;. () © by the (trans) and (step) rules for some &'
[alloc]: By the (alloc) rule.
[force]: Apply Lemma 29 on the premise and then use the (force) rule.

Direction (<=): By induction on I' C, j, ., A.
(refl), (alloc): Immediately by the [refl] /[alloc] rule.

(trans): Apply the induction hypothesis on both premises and then use the [trans] rule.

(step): Apply the induction hypothesis on the premise.
(unfold), (recall): Use [refl].
(force): Apply Lemma 29 on the premise to obtain I' : F'v lL}:‘ A :w. Use the induction
hypothesis to obtain I' © A. Then use the [force] rule.
|

» Lemma 31. The real cost model ((UR,éRij), CR) is accessible.

Proof. By Lemma 29 and Lemma 30. <

For the Bankers cost model, we add the following two rules:

save
F, a *_>n h?) Esavema,m,a F; a Hn—&-m hU ( )

Liavry, hvo Ce g A n,m >0
= (spend)

F» a—=ntm hv Espend m from a on e,max(k—m,0),w A

» Lemma 32. TCB, AiffT:e B A:w.

—e,k,w

Proof. The rules of C. j ., relate to the big-step semantics as follows:
(save): (save)
(spend): (spend)

» Lemma 33. ' CB A iff there exists e, k,w such that T Egk)w A.

Proof. Direction (=): By induction on I' C A.

[save]: Immediately by the (save) rule.

[spend]: Apply the (spend) rule using e = spendm fromaon () and the [refl] rule.
Direction (<«): By induction on T QeB’k’w A.

(save): Immediately by the [save] rule.

(spend): Apply the induction hypothesis on the premise, obtaining I'; a +—,, hv C A.

Then use the [spend] rule and join the two derivations using [trans].
<
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Lemma 11

Proof. By Lemma 32 and Lemma 33. |
For the credit-passing cost model, we add the following three rules:

hv =lazyp v a+— memov €I

save waste
(F, at—ry h’l)) Esavema,m,a (F, a Hrp+m h’l}) ( v ) r Esavema,m,a r ( )
r EF’U k,w A k S n
= (force)
(T, a =y, lazy g v) Crorce a,0,w (A, a — memo w)
» Lemma 34. TCO, A ffT:elf A:w.
Proof. The rules of C. ;, ,, relate to the big-step semantics as follows:
(save): (save)
(waste): (waste)
(force): (force)
We continue using the (recall) and (lazy) rules from the real cost model. <

» Lemma 35. I' CC A iff there exists e, k,w such that T Eg,law A.

Proof. Direction (=): By induction on I' C A.
[save]: Immediately by the (save) rule.
[force]: Apply Lemma 34 on the premise, obtaining I' Cp,  » A. Then use the (force)
rule.

Direction (<): By induction on T Egk,w A.

(save): Immediately by the [save] rule.

(waste): Immediately by the [refl] rule.

(force): Apply Lemma 34 on the premise, obtaining I' : Fv || A : w. Use the induction
hypothesis to obtain I' & A. Then use the [force] rule.

<
» Lemma 36. The credit-passing cost model (11, ®€, '_-—IC), CO) is accessible.
Proof. By Lemma 34 and Lemma 35. <

For the credit-inheritance cost model, we parameterize the C. j , relation with a heir.

0 h
r Esavemh,rn,,v A I E}’ik,w A k=n
{h} (pass) 0 (force)
r Epass h,m,v (Fa atrrp laZYF U) Eforce a,0,w (A, a —rp Iemo ’LU)
r Egavemh m,v A
— (inherit)
(T, a —p memo w) gfavema’m’a (A, a —p memo w)

» Lemma 37. TCh, A iffT:e |l A:w.

=e,k,w

Proof. The rules of C. ;, ,, relate to the big-step semantics as follows:
(pass): (pass)
(force): (force)
(inherit): (inherit)
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» Lemma 38. I' CC' A iff there exists e, k,w such that T' " A.

=e,k,w

Proof. Direction (=): By Lemma 35. Direction («):
(pass): Use the induction hypothesis on the premise to obtain I' €T A.
(force): Apply Lemma 37 on the premise, obtaining I' : Fv l}l{ch} A : w. Use the
induction hypothesis to obtain I' T¢T A. Then use the [force] rule.
(inherit): Use the induction hypothesis on the premise to obtain I' T¢T A. Then show
by induction on I’ CCT A that T, a ), memo w CC' A, a )}, memo w.
<

» Lemma 39. The credit-inheritance cost model ((@CI7®CI7F.‘ICI)’ CC) is accessible.
Proof. By Lemma 37 and Lemma 38. <
For the debit cost model, we add the following four rules:

FCrokkwA a ¢ dom(A) (lazy) memow € I
\I' w) r Esavema,o,m,a r

N (waste)
r Elazyp v,0,k’,a (A7 a =g memor

— A
hv = memoy, w

save
(Faa —rn h’U) Esavema,o,m,a (F7a —n—m h’U) ( v )

n<0

T, a, memo%v W) Ctorce a,0,0,w (I', @ — memo w)

(force)

» Lemma 40. TCD, ,, A dffT:ell A w.

Proof. The rules of C. j .. relate to the big-step semantics as follows:
(lazy): (lazy)
(waste): (waste)
(save): (save)
(force): (force)

» Lemma 41. I' CP A iff there exists e, k, k', w such that T Egk,k' A.

;W

Proof. Direction (=): By induction on I' C A.
[lazy]: Apply Lemma 40 on the premise, obtaining I' Cp, k7w A. Use the induction
hypothesis to obtain I' © A. Then use the (lazy) rule.
[save]: Immediately by the (save) rule.
[force]: Immediately by the (force) rule.

Direction («): By induction on T Egk,k/,w A.

(lazy): Apply Lemma 40 on the premise, obtaining I : F'v U],ik, A :w. Then use the
[lazy] rule.

(waste): Immediately by the [refl] rule.

(save): Immediately by the [save] rule.

(force): Immediately by the [force] rule.

» Lemma 42. The debit cost model ({7, ®P, r'—ID), CP) is accessible.

Proof. By Lemma 40 and Lemma 41. |
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For the debit inheritance cost model, we change the (lazy) rule:

r EFU,k,k’,w A a ¢ dOIl’l(A)

A\T
r ElazyF v,k,k’ a (A7 a o Memoy

(lazy)
w)

» Lemma 43. The debit inheritance cost model (({}P!, ®P, '—~—‘D), CPY) ds accessible.

Proof. As in Lemma 42.

A.3 Persistence

In the last section, we developed the I' C. 1 ., A relation that holds if and only if there
is a derivation I" : e { A : w of the big-step semantics, but abstracts from the concrete
expression e. Since the two notions are equivalent, we prove persistence using this relation:

» Corollary 44. An accessible cost model (|, ®,"-"),C) is persistent iff T T A and T' Ce .0

I implies A Ce o A" for k <n, T'C A’

EE n,w
P o=t
EJ i (k<n)
AL Eekw

» Lemma 45. I[fT C}, A and b ¢ dom(A), then T,b+— hv Eg’k’v A,b— hov.

=e,k,v

Proof. By induction over the derivation of T’ E?kﬂ) A.
(refl): Trivial 7
(trans): Use the induction hypothesis on both premises and apply (trans).
(step): Use the induction hypothesis on the premise and then apply (step).
(alloc): Trivial, as a # b since b ¢ dom(A).
(unfold), (recall): Trivial

(force): Since b ¢ dom(A), a # b. Use the induction hypothesis on the premise and then

apply (force).

Lemma 9

Proof. By induction over I' Egn’w I
(refl): Using (refl).

(trans): Assume that I' C., &, [ and I £,y /4]0, I'. Use the induction hypothesis
on the first premise, yielding A C., ., A” with ¥’ < k, I T A”. Then apply the
induction hypothesis on the second premise, yielding A" C., [, /20,000 A" with 1" <,
I C A’. Then use (trans) where k¥’ +1' < k+1land I" C A’.

Elet r=eq ineg,k+1l,w

1’\/

Cermw  y Eealv/alte

C (K < k1<)
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(step): Use the induction hypothesis on the premise and then apply (step).
(alloc): We assume w.l.o.g. that allocations never clash. Thus a ¢ dom(A) and we use
(alloc). Further, I' C A implies I, a — hv C A, a — hv by Lemma 45 and Lemma 30.
other cases: By induction over I' C A.
__, [refl]: By assumption.
_, [trans]: Use the induction hypothesis on both premises, yielding A C, j ,, A’ with
E<n, I"CA"and ©C. ., © withl <k, A’C O Then!<nandI'"C ©.

T Ee,n,w F/
N
;J T
LN
C A ,,Ef;’fff’,,> AL (k<n,l<k)
! /
EJ c
- =y
v
o) ,,Ef:f’f‘,’,,> o’

__, [alloc]: We assume w.l.o.g. that allocations never clash. Thus a ¢ dom(I") and we
use [alloc]. By Lemma 45, I' C, ., IV implies I';a +— hv C, ., IV, a — hv. We have
I C TV, a — hv by [alloc].
(unfold), [force]: Let unfold a and forceb. We have that a # b, since a — fold v and
b — lazyr v. By the induction hypothesis, A Tynfolda,0,0 A. We apply Lemma 45 to
obtain A, b — memo w Cynfold a,0,0 A, b — memo w.
(recall), [force]: Let force a and forceb. We have that a # b, since a — memo w’ and
b lazyp v. By the induction hypothesis, A Ciorceq,0,00 A'. We apply Lemma 45 to
obtain A, b — memo w Cgorce g0, A, b — memo w.
(force), [force]: Let forcea and forceb. If a # b, we proceed as in the (recall), [force]
case. If a = b, then apply the (recall) rule to obtain A, b — memo w Cgorce a0, D, 0 —
memo w. We have 1 <k +1 and A,b— memo w T A, b — memo w by [refl].

(force) o
[force]J % [refl]

( ‘

recall)

A oo y A

Lemma 15

Proof. We extend the proof of Lemma 9 for the new rules. By induction over I' C A.

(unfold), [save]: Let unfold a and savemb. We have that a # b, since a — fold v and
b —p lazyp v. Then A Tynfold 6,00 A.

(recall), [save]: Let forcea and savemb. We have that a # b, since a — memo w and
by lazyp v. Then A Cioreea,0,w A.

(save), [save]: Let savema and savem’b. If a # b, we proceed as in the previous
cases. If a = b, then apply the [save] rule to obtain A, a —y4+n 182y v Ceavem a,m.a
A, 0 = ptmitm lazy g v.

(save)
e

T
[save]l

CVIT 2016
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(waste), [save]: Let savema and savem’b. We have that a # b, since a —, lazyp v
and b — memo w. Then A Cguvema,m,a A

(force), [save]: Let forcea and savemb. If a # b, we proceed as in the previous cases. If
a = b, then apply the [force] rule to obtain I', @ —p4m 182y 5 v Ciorce a,0,a A, @ — memo w
since k < n implies k < n + m.

r
[Save]J

FA e y A
(save), [force]: Let savema and forced. If a # b, we proceed as in the previous cases.
If a = b, then apply the (waste) rule to obtain A,a — memo w Cgavema,m,a D0 —
memo w.

(force)
— T
(force)

[refl]

(waste), [force]: Let savema and forceb. We have that a # b, since a — memo w and
by 1azyF v. Then A L force b,0,w’ A
((unfold), [force]), ((recall), [force]), ((force), [force]): As in Lemma 9.

<

In the credit inheritance semantics, the number of time steps is not a deterministic
function of the initial heap and expression. Instead, if there is an heir, we can choose the
amount of steps non-deterministically: "} (Heap x Expr x N) — Heap x Value. However,
we can show that if we use more steps than necessary, this only results in an increase in the
credit assigned to the heir.

» Lemma 46. LetI‘:el};{lh} Ac:w andF:elL;{,?} A’ w' forn <m. Then w = w' and
A Esavem—n h,m—n,v AN

Proof. We strengthen the lemma to allow the starting heap to differ:

LetT':e ll}{Lh} A:wandI':e l};{,?} A" w' forn <m and T Cgavek’'—k hk'—kw I Then
w=w" and A Ceave k' —k+m—n hk'—k+m—n,o A

By induction over the derivations. All cases follow directly from the induction hypothesis,
except for the (pass), (save) and (force) rules.

(pass): We have:

I Coavek'—khk'—kn L'
r I:{h} A

—pass h,m,h
{n}
r Epass h,n,h A
The save rule does not change the heap except for adding credits. This implies that
save - h credits the same cell on all heaps. We can combine the first two facts to obtain
F Esave k'—k+m h,k' —k+m,h A/~ By the 1aSt faCt7 thllS A Esave k!'—k+m—n h,k’—k+m—nh A/~
(save): Let savem a. Then n = m and w = w’ by the induction hypothesis. If a # h, the
claim follows by induction. Let a = h. We have I’ Cgave k/—k h,k'—k,v I by the premise.
Again, we can combine this with the (save) rule to obtain A Cgave b/ —k-+m h,k/—kt+m,o A
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(force): Let forcea. Then n = m and w = w’ by the induction hypothesis. If a # h, the
claim follows by induction. Let a = h. We have I' Cyave k' —k hk'—k,» I by the premise.
Let a — lazyp v € T and a —y lazyp v € TV, By the induction hypothesis, we get
I': Fov i}ih/} A:wandI": Fo lj{h} A" wand A Caaver—kh k'—k,o A’ In the
resulting heaps A and A’, we now have h —p, memo w. By the (inherit) rule, we get
A Coave k' —k hk'—kv A

<

Lemma 17

Proof. We extend the proof of Lemma 15 for the new rules.
(pass): Follows directly from the induction hypothesis on the premise.
(inherit): By the induction hypothesis on the premise, we have A Cgavem hm,n A and
I T A’. We then get A, a +—;, memo w Ceaverm a,m.a &, a =, memo w by the (inherit)
rule. We have I, a —, memo w C A’, a —}, memo w by Lemma 45.
other cases:: By induction over I' C A.
(save), [force]: Let savema and forceb. If a # b, we proceed as in the previous
proof. If a = b, then I' =I'1,a >, lazyp v and A = Ay, a —, memo w. Apply the

(inherit) rule to obtain A Cgavema,m,a A'. By [force], we have I'y : F'v lL{h} :w. By
Lemma 46, we have I'y : Fv l}i’fm Al s w for A1 Caavema,m,a A Apply Lemma 45

to obtain A1, a —, memo w Cgave m a,m,a Af, @ —p memo w.

(save)
r ———1

[force]l % [force]
(inherit) Y

A/

(force), [save]: Let forcea and savemb. If a # b, we proceed as in the previous
proof. If a = b, then we have I' =T'1,a —, lazyp v and TV =T}, a —p, memo w where
I'y: Fo ll{h} I, : w. Thus also 'y : Fv lln}fm 'Y : wand I'y,a —pem lazyg v
I'Y, a —;, memo w by the (force) rule. By Lemma 46, we have I'} Ceavema,m.a I'1- By

Lemma 45, we get I'}, @ —p, memo w Cgaverm a,m,a L1, @ F>p IEMO W.

(force), [force]: As in the proof of Lemma 9 since the |[{*} relation is deterministic
for fixed step count as shown by Lemma 46.
(force)

r ——— 1/
[force]l  refl]

(recall) ¥

A oo y A

Lemma 21

Proof. We extend the proof of Lemma 9 for the new rules.
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(lazy): By the induction hypothesis on the premise, we have A Cp, g g A’ for & < k

and I C A’. We then get A Clazy,. v,0k,a0 A’ 0 =y memoﬁ\F

A\
We have I, a memoF\

[save].
Tr

|

A

other cases: By induction over I' C A.

w by the (lazy) rule.
wC A a g memo%\ w by the [trans] of I T A’ and

(lazy)
— L T

C [trans] [save]

__, [lazy]: By the induction hypothesis we have A T, ; g/, A’ for some [ < k. Since
a ¢ dom(A'), this implies by Lemma 45 that A, a +—gn Inemoﬁy W Ceppo A a —pr

memo?\F w. We get IV E A/ a —pn memo?\

r
[lazy] J
C

((unfold), [save]), ((recall), [save]), ((Waste), [save]), ((waste), [force]),
((unfold), [force]), ((recall), [force]): In all of these rules, the addresses they act
on are different. This allows us to permute the rules as in the previous proofs.

w by [lazy].

(save), [save]: Let savema and savem’b. If a # b, we proceed as in the previous
cases. If a = b, then apply the [save] rule to obtain A, a —,—n 122y v Ceave m a,0,m.a
A, a = p—m—m lazyp v.

(save)

(force), [save]: Let forcea and savemb. If a # b, we proceed as in the previous cases.
If @ = b, then apply the (force) rule to obtain I',a +y,_p, memo%v W Ctorcea,0,0,a
A, a — memo w since n < 0 implies n —m < 0.

(force) v

[save]J{ % [refl]

A -t s A
(save), [force]: Let savema and forceb. If a # b, we proceed as in the previous cases.
If a = b, then apply the (waste) rule to obtain A, ¢ — memo w Cgaverm a,0,m,a D, @ —
memo w.

(save)
r ————1r
[force]J % [force]
(waste) ¥
A —omeee e A/

(force), [force]: Let forcea and forceb. If a # b, we proceed as in the previous cases.
If @ = b, then apply the (recall) rule to obtain A, a — memo w Ciorcea,0,0,a A, a —
memo w. We have A, a — memo w T A, a — memo w by [refl].



A. Lorenzen

Lemma 23

Proof. We extend the proof of Lemma 21 for the new (lazy) rule.
(lazy): By the induction hypothesis on the premise, we have A Tpy, g pr 0 A for K < k
and I'" C A’. We then get A Ciayy, vk k0 Ay a =0 memo?f w by the (lazy) rule. We
have I, a g memoﬁ)}F wC A a g memoﬁ\ w by IV C A’ and Lemma 45.

I (lazy) v
;l =
A Qazy) 3

, lazy]: By the induction hypothesis we have A C;x/,, A’ for some [ < k. Since
a ¢ dom(A’), this implies by Lemma 45 that A, a memo?iF w Ceppro Aa

Jrnemof,iF w. We get IV C A’ a memo%}}F w by [lazy].
r Ce k! v

[lazy] J % [lazy]
A ,Ef,l,,k,/,,,> X/

23:31
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